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Abstract
We survey results and possible results of the following type: given positive integers n, k, d, is
there an integer hd(n, k) so that every n-connected, ﬁnite graph (digraph) G of order at least hd(n, k)
contains a setW of exactly k vertices so thatG−W is (n−d)-connected? For digraphs, these question
have not really been studied before, so almost all problems are open.
© 2005 Elsevier B.V. All rights reserved.
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0. Introduction
If G is a ﬁnite graph or digraph of connectivity number (G)= n2 with the property
that the deletion of any n vertices results in a graph or digraph of connectivity number
0, then G is the complete graph Kn+1 or the complete digraph
↔
Kn+1, respectively (see
Example 1.2(a) and (b)). So every ﬁnite graph or digraph G of order |G|(G) + 24
contains a setW of n := (G) vertices so that (G −W)1 holds. Recently, it has been
proved that every G with (G) = n = 2k6 and |G|n + 3 has a setW of k vertices so
that (G −W)k + 1 holds, but this is not true for G with |G| = 2k + 2 (see Example
1.12(d)). So the “vulnerability” of the connectivity number n of a graph G decreases, if the
order of G increases. What can we say, if the order of G becomes large compared to (G)?
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Of course, the best possible result would be that we can ﬁnd a setW of a prescribed number
of vertices such that (G−W)(G)−1. This is not true for ﬁnite graphsGwith (G)4,
but the next best possible result really holds: if the order of G is large enough, then we can
ﬁnd a setW of prescribed size with (G−W)(G)− 2 (see Theorem 1.9).
We will study results and possible results of this type for graphs and digraphs. We will
conﬁne ourselves to the deletion of vertex sets, since analogous results for the deletion of
edges are immediate from results on vertices of “small degree” in minimally n-connected
graphs and digraphs (see [15,19] or [25]). In Section 1,we consider the deletion of any vertex
set W, whereas in Section 2, we add the condition that W spans a connected subgraph. In
Section 3, we deal with the corresponding problems for digraphs.
Most of our terminology and notation is standard and the same as in [2] and for digraphs
in [1]. So we will mention only a few differences. A graph and a digraph have neither loops
nor multiple edges (of the same direction). For a graph or digraphG andX ⊆ V (G),G(X)
is the sub(di)graph induced by X in G and y ∈ G means y ∈ V (G). For an edge joining
vertices x and y in a graph and an edge from x to y in a digraph, we use the same notation
[x, y]. So in a graph [x, y] = [y, x] and in a digraph [x, y] = [y, x]. An edge [x, y] of
a digraph D is symmetric, if also [y, x] ∈ E(D), and D is antisymmetric, if D has no
symmetric edge. For a digraph D, let
←
D := (V (D), {[x, y] : [y, x] ∈ E(D)} denote the
converse digraph. For a graph G, the digraph
↔
G arises from G by replacing every edge of
G with a pair of oppositely directed edges.
A path or circuit in a digraph is always continuously directed, and
→
Cn denotes a contin-
uously directed circuit of length n2. An x, y-path P is a path from x to y, and the interior
vertices of P are the vertices of P different from x and y. For an X ⊆ D or X ⊆ V (D), an
X, y-path is an x, y-path for an x ∈ X which has only x with X in common. AnX, y-fan of
order n consists of nX, y-paths which have pairwise only y in common. Correspondingly, a
y,X-path and a y,X-fan are deﬁned. A digraph is connected (normally, but in our context
impractically called strongly connected), if for all vertices x and y, we have an x, y-path
and a y, x-path. So a graph or digraph D is m-connected, if |D|m + 1 and D − T is
connected for every T ⊆ V (D) with |T |<m, and it is minimally m-connected, if D is
m-connected, but for every e ∈ E(D),D − e is not m-connected.The connectivity number
(D) of a graph or digraphD is the greatestm so thatD ism-connected. So the connectivity
number  of the complete graph or digraph on m vertices is (Km)=m− 1= (
↔
Km) for
all non-negative integers m. A cut of a graph or digraph D is a T ⊆ V (D) with |T | = (D)
such that D − T is disconnected. Correspondingly, an edge-cut is a T ⊆ E(D) with
|T | = (D) such thatD− T is disconnected, and an edge-cut T is called trivial, if all edges
of T have a vertex in common. For a cut T of a graph G, a non-empty, proper, induced
subgraph F of G − T with NG(F) = T is a T-fragment of G or a fragment of G to T.
Correspondingly, for a cut T of a digraph D, a non-empty, proper, induced subdigraph F
of D − T withN+G(F) = T (N−(F ) = T ) is an outfragment (infragment) of D to T, and afragment is an out- or infragment. An atom of a graph or digraph is a fragment of least order
(to any cut).
LetG,H both be graphs or both be digraphs and letG′ and H ′ be vertex disjoint copies
ofG andH, respectively. ThenG+H arises fromG′ ∪H ′ by addition of all edges between
V (G′) andV (H ′) (for digraphs in both directions). The graph or digraphG[H ] is deﬁned in
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the following way: for every x ∈ G, we take a copyHx of H such that V (Hx)∩V (Hy)=∅
for x = y, and we deﬁne G[H ] := ⋃x∈G Hx ∪ {[u, v] : u ∈ Hx and v ∈ Hy and
[x, y] ∈ E(G)}. For instance, for a digraph H, we have H +H↔K2[H ].
The set of all n-element subsets of a set M is denoted by Pn(M). For a non-negative
integerm,Nm is the set of positive integers not exceeding m and Zm is the set of integers Z
modulo m. In the whole paper, n is an element of the set of positive integers N. If there is
no doubt which graph or digraph is meant, we delete the subscript in our notation asNG(A)
and d−D(v).
1. Deleting arbitrary vertex sets from graphs
In this section, we will consider a class of graphs, where the connectivity number is
“k-vulnerable”, i.e., the deletion of any set of k vertices decreases the connectivity number
always by k. These graphs were introduced in [31] and have been intensively studied in the
literature. We will not survey all the results on this class of graphs here, but we are mainly
interested in facts, which can be generalized.
Deﬁnition 1.1. Agraph or digraphG is (m, k)-critical or an (m, k)-graph or (m, k)-digraph
for non-negative integers m, k, if (G− V ′)=m− |V ′| holds for every V ′ ⊆ V (G) with
|V ′|k. G is k-critical, if G is ((G), k)-critical.
IfG is (m, k)-critical, we get (G)=m forV ′=∅, what justiﬁes the last statement in (1.1)
and shows |G|m+ 1. If G is (m, k)-critical, it is also (m, k′)-critical for all non-negative
k′k. It is easily seen that a graph G is (m, k)-critical, if and only if
↔
G is (m, k)-critical.
The only (m, k)-critical graphs or digraphs with k >m are the complete ones on m + 1
vertices. So we will always assume km, and also |G|1. First we give some examples,
most of them already found in [31].
Examples 1.2. (a) Kn+1 is (n, n)-critical, and it is the only (n, n)-graph with the only
exception that for n= 1 there are inﬁnite (n, n)-graphs, for instance, trees without vertices
of degree at most 1 (see [31]).
(b) ↔Kn+1 is (n, n)-critical, and it is the only ﬁnite (n, n)-digraph for n2 (see [21] or
[23]). In Example 3.5, we will construct inﬁnite (n, n)-digraphs for all n.
(c) Let Cn and Cn be a circuit and a continuously directed circuit of length n4, respec-
tively. Then Cn is (2, 1)-critical, but not (2, 2)-critical. Cn is (1,1)-critical.
(d) The graph Sk := K2k+2-(1-factor) is (2k, k)-critical, but not (2k, k + 1)-critical for
all k0.
(e) The graph Hm(k) := (Zm, {[x, x + i] : x ∈ Zm and i = 1, . . . , k}) is (2k, 2)-critical
for all integers m and k withm/2>k2 and the graphK1 +Hm(k) is (2k+ 1, 2)-critical.
(f) For every ﬁnite (n, k)-critical graph or digraphG,G+G is (|G|+n, 2k+1)-critical.
There is a lot of inﬁnite (n, 1)-critical graphs for every n ∈ N, for instance, B[Kn] for
every inﬁnite tree without endvertices. This changes for 2-critical graphs.
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Theorem 1.3 (Mader [16]). Every 2-critical graph is ﬁnite.
It is an equivalent statement of Theorem 1.3 that every inﬁnite n-connected graph G
contains vertices x = y with (G − {x, y})n − 1. This was generalized in [22]: one
can even ﬁnd an inﬁnite X ⊆ V (G) such that G − X′ is (n − 1)-connected for all
X′ ⊆ X. The following stronger result was conjectured in [22] and proved by Huck et al.
in [6].
Theorem 1.4 (Huck et al. [6]). Every inﬁnite n-connected graphG contains anX ⊆ V (G)
with |X| = |G| such that G−X′ is (n− 1)-connected for all X′ ⊆ X.
Whereas every 2-critical graph is ﬁnite by Theorem 1.3, in Example 1.2(e), we have
constructed (n, 2)-graphs of arbitrarily ﬁnite large order for every n4. This is in opposite
to the properties of (n, 3)-graphs: It was proved in [16] that for every n, there is only a ﬁnite
number of (n, 3)-graphs, or more exactly that |G|< 6n2 holds for every (n, 3)-graph G.
This bound was a bit improved in my recent paper [28].
Theorem 1.5 (Mader [28]). For every (n, 3)-graph G, |G|(2n− 1)n holds.
I do not believe that this bound is best possible, not even that n2 is the right order.
Conjecture 1.6 (Mader [28]). There is a real number c so that |G|cn3/2 holds for every
(n, 3)-critical graph G.
On the other hand, examples in [16] show that a bound cn3/2 would be best possible.
It is not so easy to get the bound in Theorem 1.5, but it is not difﬁcult to see that for
every n, there is only a ﬁnite number of (n, 3)-graphs. We will sketch a proof below,
since it will be later developed further. It is based on the following very useful property
of atoms.
Proposition 1.7 (Mader [14]). Let A be an atom of a ﬁnite graph G and assume there is a
cut S of G with S ∩ A = ∅. Then V (A) ⊆ S and |A| |S −N(A)|/2 holds.
Now the announced proof that only a ﬁnite number of (n,3)-graphs exists for every n. Let
GKn+1 be an (n, 3)-graph. Hence G is ﬁnite by Theorem 1.3 and has an atom A. Since G
is 3-critical, there is a cut Swith S∩A = ∅, whence Proposition 1.7 implies |A|n/2. Then
dG(x)(3n− 2)/2 holds for all x ∈ A. Choose a ∈ A. Then every x ∈ G can be reached
from a by a path of length at most n/2, where all interior vertices have “small degree”. To
see this, let us consider any x ∈ G− a. ThenG′ := G−{a, x} is (n− 2, 1)-critical and for
an atom A′ ofG′ we have |A′|(n− 2)/2 by Proposition 1.7. So we can ﬁnd an a, x-path
of length at most |A′| + 1n/2 (namely through A′) such that all interior vertices z have
dG(z) |A′| − 1+ n< 3n/2. As usual, this implies |G|< 1+ 3n/2+ · · · + (3n/2)n/2.

It turned out to be convenient to have an appropriate terminology.
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Deﬁnition 1.8. For m ∈ N and x, y ∈ G, let d(m)G (x, y) := min{‖P ‖ : P x, y-path in G
with dG(z)m for all z ∈ P − {x, y}}. If there is no such path, we set d(m)G (x, y) := ∞.
Theorem 1.5 implies that every n-connected graph of sufﬁciently large ﬁnite order con-
tains a setW of three vertices so that (G−W)n− 2 holds. It is possible to generalize
this to vertex setsW of arbitrarily prescribed cardinality.
Theorem 1.9 (Mader [27]). For all n, k ∈ N, there is an integer g(n, k) so that every
n-connected, ﬁnite graph G of order |G|g(n, k) contains a W ⊆ V (G) with |W | = k so
that (G−W)n− 2 holds.
The details of the proof are rather laborious, but the idea is easily sketched.
Sketch of Proof of Theorem 1.9. Wemay assume thatG is minimally n-connected. Then
we know from [15] (or [25]) that almost half the vertices have degree n in G.
Letm be an integermuch larger than n andGmay have sufﬁciently large order. Let us sup-
pose that we have found vertices w1, . . . , wk′ of degree n in G with d(m+n+k)G (wi, wj )>m
for all i = j such that (G′) = n − 2 holds for G′ := G − {w1, . . . , wk′ }. If k′<k, we
extend the sequence w1, . . . , wk′ in the following way.
LetA be an atom ofG′. Since |NG′(A)|=n−2, there arewi = wj inNG(A). Hence there
is awi,wj -path P of length at most |A|+1 inG, where all interior vertices have degree less
than |A|+n−2+k′. If we had |A|<m, this pathPwould show d(m+n+k)G (wi, wj )m. This
contradiction proves |A|m, and Proposition 1.7 implies (G′ − a)= n− 2 for all a ∈ A.
Since A contains enough vertices of degree n, for an appropriate, large integer m1<m, we
can ﬁnd a w ∈ A of degree n with d(m1+n+k)G (w,wl)>m1 for all l = 1, . . . , k′. So we can
continue until we ﬁnd a k-elementW as wanted. 
It is easily checked (see Example (2.9) in [27]) that the (n, 2)-graphsG in Example 1.2(e)
have the property that (G−W)n−2 holds for allW ⊆ V (G)with |W |2. So for every
n4, it is not possible to replace n− 2 with n− 1 in Theorem 1.9, and it is an interesting
problem to ﬁnd classes of graphs for which such a stronger result holds. For instance, this
is true for n3. For n2 this is obvious and for n = 3 it was proved by Kriesell in [11].
This last result was proved with a view to the following conjecture of McCuaig and Ota.
Conjecture 1.10 (McCuaig and Ota [32]). For every k ∈ N, every 3-connected graph G
of sufﬁciently large ﬁnite order contains a connected subgraph H on k vertices such that
G− V (H) is 2-connected.
This conjecture is proved only for k4. For k= 2, it follows from the well known result
of Tutte on the existence of a contractible edge in a ﬁnite 3-connected graph of order at
least 5 ([40], cf. also [4,39]). For k = 3, it was proved in [32] and for =4, in [10].
This conjecture raises the question, if Theorem 1.9 remains true, if we add the con-
dition that G(W) is connected. We will study this question in the next section, in the
remainder of this section we will still mention a few fundamental results on (n, k)
-graphs.
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As mentioned in (1.2)(a), Kn+1 is the only ﬁnite (n, n)-graph. In the ﬁrst paper on this
subject [31], Slater conjectured that there is no other ﬁnite (n, k)-graph for k >n/2, but
Kn+1. After many partial results this conjecture was ﬁnally proved by Su in [34] (see also
[35]). Later a very short and elegant proof was given in [7].
Theorem 1.11 (Su [34]). There is no non-complete (n, k)-critical graph with k >n/21.
What can we say about (n, k)-graphs with k = n/2? For n = 2, there is a lot of ﬁnite
and inﬁnite such graphs. For n= 4, all (4,2)-graphs have been characterized in [17]: these
are exactly the graphs Hm(2) for m5 (cf. Example 1.2(e)) and the line graphs of K3,3
and of K4,4-(1-factor). The graph Sk (see Example 1.2(d)) is (2k, k)-critical for all k ∈ N,
and I conjectured in [17] that for k3, Sk is the only non-complete (2k, k)-graph, which I
had checked for k = 3. After the case k = 4 in [9], this conjecture was recently proved by
Kriesell in [12] and by Su et al. in [38], independently.
Theorem 1.12 (Kriesell [12] and Su et al. [38]). For every k3, Sk is the only non-
complete (2k, k)-critical graph.
The proof in [38] is much shorter, since the authors had a mighty tool to their disposal,
which Su proved recently and which I conjectured in [17].
Theorem 1.13 (Su [37]). Every non-complete, ﬁnite (n, k)-critical graph has a system of
2k + 2 pairwise disjoint fragments.
Only the cases k = 1 and 2 had been proved before in [18] and [36], respectively.
Theorem 1.13 is the deepest result on (n, k)-graphs known so far and was the strongest
of the conjectures in [17] from which all the others can be deduced. I know only one
open question, of which a negative answer would have a comparable importance for (n, k)-
graphs [20]: Is there a ﬁnite graph G with the property that every complete subgraph of G
is contained in a cut?
2. Deleting connected vertex sets
In this section we will consider the question, if there is a result analogous to
Theorem 1.9, if we add the condition that the deleted setW is connected, i.e. thatW spans a
connected subgraph. For dealing with this question, the following concept turned out to be
convenient.
Deﬁnition 2.1. A graph G is called k-con-critically m-connected, (m, k)c-critical or an
(m, k)c-graph for non-negative integersm, k, if(G−V (W))=m−|W | for every connected
subgraphW ⊆ G with |W |k. A k-con-critical graph G is a ((G), k)c-graph.
As for (m, k)-graphs, every (m, k)c-graph G has (G) = m and is (m, k′)c-critical for
all non-negative integers k′k. Obviously, every (m, k)-graph is also an (m, k)c-graph and
(m, 1)c-critical is equivalent to (m, 1)-critical. An (n, 2)c-graph is simply a contraction-
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critically n-connected graph, i.e., a graph of connectivity number nwhere the contraction of
any edge decreases the connectivity. Since every n-regular, n-connected graph where every
edge lies on a triangle is contraction-critical, one can easily construct ﬁnite (n, 2)c-graphs
for all n4 which are nor (n, 2)-graphs (see also Example 2.3). (For n = 4, one can use
Theorems 7 and 8 in [17].) Below we will construct a lot of (n, 3)c-critical graphs which
are not (n, 3)-critical, and in [28], for every k4, a k-con-critical, but not k-critical graph
was pointed out. But every (n, k)c-graph with k7 is at least (1+(k− 1)/4)-critical, as
easily seen from the fact proved in [27] that the diameter of an (n, k)c-graph with k7 is
at most 4. This raises the question about the “criticality” of an (n, k)c-graph. In any case,
for k >n/2> 1, every ﬁnite (n, k)c-graph is k-critical, since we have a result analogous to
Theorem 1.11.
Theorem 2.2 (Mader [27]). If G is an (n, k)c-graph with k >n/21, then GKn+1 or
k = 2 and G inﬁnite.
In particular, Theorem 2.2 says that K4 is the only ﬁnite (3, 2)c-graph. This is exactly
the well known result of Tutte [40] that every ﬁnite 3-connected graph of order at least
5 contains a contractible edge (cf. Conjecture 1.10). The ﬁnite (4, 2)c-graphs have been
characterized in [3] and [29,30], independently: they are exactly the graphsHm(2) form5
(see Example 1.2(e)) and the line graphs L(G) of 3-regular, 3-connected, ﬁnite graphs G
with only trivial edge-cuts.
The class of ﬁnite (4, 2)c-graphs, therefore, properly contains the class of (4, 2)-graphs
(cf. the paragraph before Theorem 1.12). What’s now the structure of the (2k, k)c-graphs
for k3? I do not know, if there are any others than K2k+1 and Sk (as in Theorem 1.12).
But at least for k4, I do not believe so.
Whereas every (n, 2)-graph is ﬁnite by Theorem 1.3, for every n2, an inﬁnite (n, 2)c-
graph was constructed in Example 3.8 in [27]. In this example all vertices have inﬁnite
degree. It is not difﬁcult to see that this is necessary for n = 2, 3. (If z is a vertex of ﬁnite
degree in an inﬁnite (2, 2)c- or (3, 2)c-graph G, then as in Lemma 3.11 in [27] we ﬁnd a
fragmentAwith |A|(n−1)/2 and an edge [z, x] inG(N(A)). Then n=3 and V (A)={a},
and there is a contractible edge [a, y].) But for all n4, we will construct now inﬁnite,
n-regular (n, 2)c-graphs (which are not 2-critical by Theorem 1.3).
Example 2.3. Let Cim be pairwise disjoint circuits of length m4 for i ∈ Z and let
ci1, . . . , c
i
m be the vertices along Cim. As in the characterization of the ﬁnite (4, 2)c-graphs
above, we construct an inﬁnite, 4-regular (4, 2)c-graph as the line graph of a 3-regular,
3-connected graph with only trivial edge-cuts. For an even m8 we deﬁne a graph Rm :=⋃
i∈Z Cim ∪ {[cij , ci+1j ] : i ∈ Z, j ∈ Nm and i and j even or i and j odd }, which has these
properties, as easily checked. Therefore, L(Rm) is a 4-regular (4, 2)c-graph, which is not
3-con-critical by Theorem 2.2.
Now we deﬁne for mn6 a graph Rm(n) := ⋃i∈Z Cim ∪
⋃
i even{[cij , ci+1j+] : j ∈
Zm and =0, 1, . . . , n/2−2}∪⋃i odd {[cij , ci+1j+] : j ∈ Zm and =0, 1, . . . , n/2−2}.
Then Rm(n) is n-regular and one can check that it is n-connected. Since n/2 − 12,
every edge of Rm(n) is in a triangle, and so Rm(n) is (n, 2)c-critical. It is not 3-con-critical,
since, for instance, {cij , ci+1j , ci+2j } is not contained in a cut.
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The graphRm(5) for evenm6 arises fromRm(6) by deleting a 1-factor consisting of the
edges {[cij , ci+1j ] : i ≡ 0 (mod 4) and j even or i ≡ 2 (mod 4) and j odd } ∪ {[cij , ci+1j+1] :
i ≡ 1 (mod 4) and j odd or i ≡ 3 (mod 4) and j even }. Then every edge of the 5-regular,
5-connected graphRm(5) is still in a triangle. HenceRm(5) is a (5, 2)c-graph, which cannot
be 3-con-critical by Theorem 2.2. 
Let us now turn to (n, 3)c-graphs. Are (n, 3)c-graphs always ﬁnite and is there an
analogue to Theorem 1.5 in the form that there is only a ﬁnite number of ﬁnite (n, 3)c-graphs
for every n? Both the questions have a negative answer.
Theorem 2.4 (Mader [27]). There are inﬁnite (n, 3)c-graphs and inﬁnitely many ﬁnite
(n, 3)c-graphs for n= 12, 15, 16 and for every n18.
do not know, if Theorem 2.4 also holds for other values of n. But perhaps n=12 is the
least value forwhich it is true.Wewill construct now examples for all n12, n ≡ 0 (mod 3).
Example 2.5. Let G be a ﬁnite or inﬁnite k-regular, k-connected graph for any integer
k3. The graphG[K4]may be arisen by replacing every x ∈ V (G)withKxK4. Setting
V (Kx)= {cx1 , cx2 , cx3 , cx4 }, we deﬁne GK4 := G[K4] −
⋃
[x,y]∈E(G) {[cxi , cyi ] : i ∈ N4}.
Then GK4 is 3(k + 1)-regular and 3(k + 1)-connected, as easily seen. But GK4 has
the property that the vertices of every path of length 2 have a common neighbour. Hence
GK4 is (3(k + 1), 3)c-critical.
Our construction does not work for k = 2 and (ﬁnite) G of order at least 4, since GK4
is 9-regular, but only 8-connected. 
Theorem 2.4 shows that Theorem 1.9 does not remain true, if we add the condition
that G(W) is connected. The graphs GK4 in Example 2.5 have even the property that
(GK4 − W)(GK4) − 3 holds for every connected W with |W |3. Does
Theorem 1.9 perhaps have an analogue for connected vertex sets with a value n−d <n−2?!
What can we say on (n, 4)c-graphs? For these graphs we get a result corresponding to
Theorem 1.5.
Theorem 2.6 (Mader [28]). For every (n, 4)c-critical graph G, |G|< 4n3 holds.
Theorem 2.6 may be considered as a hint that the following conjecture is true.
Conjecture 2.7. For all n, k ∈ N, there is an integer h(n, k) so that every n-connected,
ﬁnite graph G of order |G|h(n, k) contains a connected subgraph H ⊆ G with |H | = k
so that (G− V (H))n− 3 holds.
Theorem 2.6 proves the ﬁrst non-trivial case k = 4 of this conjecture and shows that we
can choose h(n, 4) = 4n3. The existence of h(n, k) is not known for any pair (n, k) with
n5 and k5.
Theorem 2.6 implies that there is no inﬁnite (n, 4)c-graph. Hence every inﬁnite n-
connected graph G has a connected setW on 4 vertices such that (G−W)n− 3 holds.
This suggests again the conjecture that every inﬁnite n-connected graph G contains even
an inﬁnite connected set W with (G−W)n− 3.
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3. Deleting vertex sets from digraphs
In this section, we will study analogous problems for digraphs as we have done for
(undirected) graphs in Section 1. So far as I know, no 2-critically n-connected digraphs
which are not n-critical have been considered in the literature till now. Therefore, our
presentation will be more detailed. First of all, we will give some further examples.
Examples 3.1 (Antisymmetric (n + 1, 2)-digraphs). Let E = (P,G) be a ﬁnite, projec-
tive plane of order n, where P is the set of n2 + n + 1 points of E and G ⊆ Pn+1(P )
is the set of n2 + n + 1 lines of E (see [33] or [13], for instance). Let f : P → G be
a bijection such that p /∈ f (p) holds for every p ∈ P . There is a lot of such bijections,
since the bipartite graph (P ∪ G, {[p, q] : p ∈ P and q ∈ G and p /∈ q}) is n2-regular
and, therefore, has a 1-factor (see, for instance, Chapter IV (5.5) in [5] or 2.1.4 in [2]).
We now deﬁne a digraph D := D(E, f ) := (P, {[p, q] : p ∈ P and q ∈ f (p)}. Then
d+D(p)=n+1=d−D(p) holds for every p ∈ P , and we will prove below (D)=n+1. This
implies thatD is an (n+1, 2)-digraph, since every pair of distinct verticesp, q has (exactly)
one common inneighbour (and also exactly one common outneighbour). It was shown in
[8] that for every desarguesian plane, f can be chosen in such a way that for all p ∈ P we
have the implication: q ∈ f (p) → p /∈ f (q). Using such an f, the digraph D(E, f ) be-
comes antisymmetric. Hence, for every prime power n, an antisymmetric (n+1, 2)-digraph
exists. An example is given for n = 2 in Fig. 1, where f (p) is marked by the same
number as p.
We have still to supply the proof of (D)= n+ 1. We suppose to the contrary that there
is a cut T of D with |T |n. Let C1, C2 be a partition of D − T in an outfragment C1
and an infragment C2 of D to T and set ci := |Ci | for i = 1, 2. Furthermore, we deﬁne
G1 := {g ∈ G : g ⊆ V (C1)∪ T } and G2 := G−G1 = {g ∈ G : g ∩ V (C2) = ∅}. First we
notice
|G1|c12 and c22. (1)
7
7
2
6
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3
5 1
4
4
1
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7 5
4
3
f for PG (2 , 2) D (PG (2 , 2) , f)
Fig. 1.
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Since all vertices have out- and indegree equal to n + 1 and |T |n, ci2 is obvious.
Since for every x ∈ C1, f (x) ⊆ V (C1) ∪ T holds by deﬁnition of D and as N+D(C1)= T ,
also |G1|c1 follows.
Deﬁne  := maxg∈G |g∩V (C2)| and choose g2 ∈ Gwith |g2∩V (C2)|=. Since c22
by Eq. (1), we see 2, in particular, g2 ∈ G2. Let us consider any g1 ∈ G1 = ∅ (by Eq.
(1))) and denote z ∈ g1 ∩ g2. Now we show
|G2|n+ |{g ∈ G2 : z ∈ g}|. (2)
We consider any x ∈ g1 − {z} and the lines through x and any point of g2 ∩ V (C2). So
we see that at least  of the lines through x belong to G2. Altogether for all points of g1
we get Eq. (2).
n(− 1)< c2<n. (3)
For every g ∈ G2, we have f−1(g) ∈ T ∪V (C2) by deﬁnition ofD and asN−D(C2)=T .
Hence the ﬁrst inequality follows from Eq. (2), since z ∈ g2 ∈ G2 and |T |n. For every
x ∈ g1, the union of the g ∈ G − {g1} with x ∈ g contains V (C2), hence c2n by the
maximum property of . If we had equality here, each of the n lines above must contain
exactly > 0 points ofC2, hence belongs toG2.We conclude |G2|(n+1)n, a contradiction
to the ﬁrst inequalities in Eq. (1).
Hence by Eq. (3) there is an r ∈ Nn−1 with c2 = n( − 1) + r . If we had |{g ∈ G2 :
z ∈ g}|r , thenn(−1)+r=c2rwould follow,which implies the contradictionnr as
2. Therefore, |{g ∈ G2 : z ∈ g}|>r holds andEq. (2) implies |f−1(G2)|=|G2|>n+r .
From this we get the contradiction c2 + nc2 + |T | |f−1(G2)|>c2 + n. 
Examples 3.2 (Inﬁnitely many ﬁnite (n, 2)-digraphs for n3). For n1, n2,m ∈ N with
n1n2<(m − 1)/2 we deﬁne a digraph Hm(n1, n2) := (Zm, {[i, i − ] : i ∈ Zm and
 ∈ Nn1} ∪ {[i, i + ] : i ∈ Zm and  ∈ Nn2}). It is easily seen that Hm(n1, n2) is
(n1+n2)-connected. One can even easily determine the cuts ofHm(n1, n2): they consist of
two disjoint “blocks” {i0, i0+1, . . . , i0+n2−1} and {j0, j0−1, . . . , j0−n1+1}, where at
least one element of Zm lies in the cyclic order between j0 and i0 and between i0 + n2 − 1
and j0 − n1 + 1. Hence, for n22, Hm(n1, n2) is an (n1 + n2, 2)-digraph. 
Examples 3.3 (Digraphs of high criticality). The digraph Tm :=
↔
Km[
→
C3] for m∈N may
arise from
↔
K3m by deletion of the edges of the m vertex disjoint, continuously directed
triangles T 1, . . . , T m ⊆ ↔K3m. Then (Tm)= 3(m− 1)+ 1 holds and the cuts are exactly
the sets
⋃
i∈Nm−{j} V (T
i) ∪ {t}, where j ∈ Nm and t ∈ T j . Since every set of 2m − 1
vertices, but not
⋃m
i=1 V (T i− t i )with t i ∈ T i is contained in a cut, T m is (2m−1)-critical,
but not 2m-critical. The digraphs Tm− t for t ∈ Tm and Tm+K1 are (3(m−1), 2(m−1))-
critical and (3(m− 1)+ 2, 2m− 1)-critical, respectively. 
In Example 1.2(a) we have seen that the only ﬁnite (n, n)-graph isKn+1. For n=1, there
is no corresponding result for digraphs as we have seen in Example 1.2(c), and as a lot of
further examples show, for instance, every digraph which we get from a connected one of
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order at least 2 by subdivision of every edge by at least 2 vertices. But for n2, we have
mentioned in Example 1.2(b) that ↔Kn+1 is the only ﬁnite (n, n)-digraph, what was ﬁrst
proved in [21] and in an easier way in [23].
By Theorem 1.11, we know that even every (n, k)-graph with k >n/21 is Kn+1.
Examples 3.3 show that this does not remain true for digraphs. But I have not found ﬁnite,
non-complete digraphs of connectivity number n and of higher criticality than (2n+1)/3,
which is the criticality of the n-connected digraphs in Example 3.3.
Conjecture 3.4. IfD is a ﬁnite (n, k)-critical digraph with k > (2n+1)/3, thenD↔Kn+1
holds.
Nothing is known on this conjecture for k <n. So the ﬁrst open case is the question, if a
non-complete, ﬁnite (5, 4)-digraph exists.
Conjecture 3.4 refers only to ﬁnite digraphs. This is essential, since there are inﬁnite
(n, n)-digraphs for every n, in contrast to the undirected case as stated in Theorem 1.3.
Examples 3.5 (Inﬁnite (n, n)-digraphs for all n). Let (Vi−1)i∈N be a sequence of pairwise
disjoint inﬁnite sets of the same cardinality. Since |Pn(⋃i−1j=0 Vj )| = |Vi | for i ∈ N, there
is a bijection fi : Vi → Pn(⋃i−1j=0 Vj ) for all i ∈ N. Deﬁne D0 := (V0,∅), and for
i ∈ N, we deﬁne recursively the digraphDi := (⋃ij=0 Vj ,E(Di−1)∪ {[x, y] : x ∈ Vi and
y ∈ fi(x)} ∪ {[y, x] : y ∈ V0 and x ∈ Vi}). Then Di is n-connected for all i ∈ N, hence
alsoD :=⋃i∈NDi is . If we deﬁneD′ := D−
⋃
i∈N {[y, x] : x ∈ Vi and y ∈ fi(x)∩V0},
we get an antisymmetric, n-connected subdigraph of D.
The digraphs D and D′ are even n-critical, since for every S ∈ Pn(V (D)), there is a
v ∈ D with S=N+D(v)=N+D′(v). But this means (D−S)=0=(D′ −S). —All vertices
ofD−V0 have outdegree n in D, but an inﬁnite (n, n)-critical digraph does not necessarily
contain vertices of indegree or outdegree n, as examples in [23] show. 
The Examples 3.5 show in particular that there is no counterpart to Theorem 1.3 for
digraphs. The digraphs constructed in Example 3.5 have even the property that (D−S)1
and (D′ − S)1 for all S ⊆ V (D) with n − 1 |S|< |D|. To see this, consider any
S0 ⊆ S with |S0| = n − 1 and choose i with ⋃ij=0 Vj ⊇ S0. Since |Vi − S| = |Vi |, also
{x ∈ Vi+1 : S0 ⊆ f (x)S} has cardinality |Vi+1|> |S|. Hence, there is an x ∈ Vi+1 − S
with d+D−S(x)= d+D′−S(x)= 1.
The last paragraph shows that there is not any result for digraphs in the spirit of
Theorem 1.4.
Examples 3.2 show that for every n3, there are (n, 2)-digraphs of arbitrarily large
ﬁnite order, but these are not antisymmetric. In Example 3.1 we have constructed ﬁnite,
antisymmetric (n+ 1, 2)-digraphs of order n2+n+ 1 for every prime power n. The easiest
way for construction of an (n, 2)-critical digraph is to search for an n-connected digraph D
outregular of degree n, where for all vertices x = y there is a z ∈ D with N+(z) ⊇ {x, y}.
Such a ﬁnite digraph D satisﬁes ( |D|2 ) |D|
(
n
2
)
, hence |D|n(n − 1) + 1 = (n − 1)2 +
(n− 1)+ 1. If there is always exactly one such a z in D, then such a ﬁnite D for n3 gives
a projective plane (V (D), {N+D(z) : z ∈ D}). Does perhaps |D|n2−n+ 1 hold for every
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ﬁnite, antisymmetric (n, 2)-critical digraph D? Does equality occur only for D constructed
as in Example 3.1? In any case, the following conjecture seems rather probable.
Conjecture 3.6. For every n, there is only a ﬁnite number of antisymmetric, ﬁnite (n, 2)-
digraphs.
If this conjecture should turn out to be true, it might be only a special case of the
following (possible) property of antisymmetric, n-connected digraphs.
Conjecture 3.7. For all n, k ∈ N, there is an integer h(n, k) so that every ﬁnite, antisym-
metric, n-connected digraphD with |D|h(n, k) contains aW ⊆ V (D)with |W |=k such
that (D −W)n− 1 holds.
It is not even known, if Conjecture 3.7 is true for n = 2, in which case I think
“antisymmetric” is superﬂuous.
For every antisymmetric, n-connected digraphD, obviously, |D|2n+ 1 holds. We will
show now that this lower bound occurs for antisymmetric, (n, 2)-critical digraphs for all
n5.
Examples 3.8 ((n, 2)—critical tournaments of order 2n + 1 for all n5). For all n2
andm2n+ 1, we deﬁne a digraphHnm := (Zm, {[i, i + j ] : i ∈ Zm and j ∈ Nn − {2}} ∪
{[i, i−2] : i ∈ Zm}) and abbreviateHn := Hn2n+1. ThenHnm is antisymmetric and out- and
inregular of degree n, in particular, Hn is a tournament. One can show (directly or using
the formula proved in Theorem 1 in [41]) that the digraphs Hnm are n-connected with the
only exception of H 4, which has a separating set {1, 4, 7}. Since a proof of this claim is
rather involved and since we are here only interested in 2-critical digraphs, we conﬁne now
ourselves to the digraphs Hn.
One checks rather easily that these tournamentsHn forn = 4 have the following property.
(P) For every A ⊆ V (Hn) with 3 |A|<n, there are at most n − |A| vertices z with
N+(z) ⊇ A.
Suppose that Hn with n = 4 has a separating set S ∈ Pn−1(Z2n+1). Then there is
a partition of V (Hn − S) into non-empty sets A,B such that there is no edge from A
to B in Hn. Since Hn(A) and Hn(B) are antisymmetric digraphs of minimum outdegree
and indegree at least 1, respectively, we see |A|3 and |B|3, hence also |A|<n. But
N+(b) ⊇ A for all n + 2 − |A| vertices b ∈ B, which contradicts property (P). Hence
(Hn)= n holds for n = 4. Since for every pair x = y of vertices in Hn with n4, there
is a z ∈ Hn with N+(z) ⊇ {x, y}, Hn is (n, 2)-critical for all n5.
Note that for n3, Hn is not 2-critical, since (Hn − {i, i + 1})n − 1 holds. But in
Example 3.1 we have constructed a (3, 2)-critical tournament of order 7 (see Fig. 1), and
a (2, 2)-critical tournament does not exist by Example 1.2(b). H 49 is not 4-connected, but
H 410 is, and it is even (4, 2)-critical. It is not difﬁcult to see that for large m, for instance,
for m> 6n, the digraph Hnm is not 2-critical. 
For every n, there is only a ﬁnite number of (n, 3)-graphs by Theorem 1.5. This does
not remain true for digraphs as we have seen in Example 3.5, where we have constructed
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for every n3, (n, 3)-digraphs of arbitrarily inﬁnite order. Therefore, it is rather surprising
that for every n3, there is only a ﬁnite number of ﬁnite (n, 3)-digraphs. For the proof
we need some preparation. First we state two results from [24,26].
Theorem 3.9 (Mader [24]). Every ﬁnite, non-complete (n, 1)-digraph has a fragment of
order at most n.
Proposition 3.10 (Prop. 2 in Mader [26]). Every ﬁnite,minimally n-connected digraph D
contains a vertex a with d+D(a)+ d−D(a)< 3n.
We introduce a deﬁnition which ﬁts our problem.
Deﬁnition 3.11. For distinct vertices x = y in a digraph D and an m ∈ N, we deﬁne−→
dmD(x, y) := min{‖P ‖ : P is an N−D(x), y-path in D − x with d+D−x(z)m for all z ∈
P − y} and←−dmD(x, y) :=
−→
dm←
D
(x, y).
For instance,←−dmD(x, y)= 0 for y ∈ N+D(x). The proof of the following lemma is straight-
forward and left to the reader.
Lemma 3.12. For every vertex a in a digraph D and m, k ∈ N, we have the estimates
|{x ∈ D − a : −→dm(a, x)k}|d−D(a)(1+m+ · · · +mk)
and
|{x ∈ D − a : ←−dm(a, x)k}|d+D(a)(1+m+ · · · +mk).
Now we come to the result announced above.
Theorem 3.13. For every n, only a ﬁnite number of ﬁnite (n, 3)-digraphs exist.
Proof. LetD0 be a ﬁnite, non-complete (n, 3)-digraph, hence n3. (For n=3,D0 does not
exist by Example 1.2(b).)Wewill show |D0|< 3n(2n−4)n−1, which implies Theorem3.13.
By deletion of some edges fromD0, we get a minimally n-connected digraphD. Obviously,
D is also 3-critical. Using Proposition 3.10, we choose an a ∈ D with d+(a)+d−(a)< 3n.
(An a ∈ D with d+(a)< 4n and d−(a)< 4n would be sufﬁcient, of which the existence is
immediately implied by Theorem 4 in [19].)
Consider any vertex x = a in D. Then D′ := D − {a, x} is a non-complete (n − 2, 1)-
digraph. Hence,D′ has a T ′-fragment F with |F |n− 2 by Theorem 3.9. Then F is also a
T-fragment ofD for T := T ′∪{a, x}. IfF is an outfragment, then there are a y ∈ N−(a)∩F
and a y, x-path P in D(V (F ) ∪ {x}), since there is a y, T -fan of order n in D(V (F ) ∪ T ).
Hence ‖P ‖ |F | and d+D−a(z)2n− 4 for all z ∈ P − x. Therefore, in this case we have→
d
2n−4
D (a, x) |F |n−2. IfF is an infragment,we get in the sameway
←
d
2n−4
D (a, x)n−2.
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So we have seen that
→
d
2n−4
D (a, x)n − 2 or
←
d
2n−4
D (a, x)n − 2 holds for every
x ∈ D − a. Hence, an application of Lemma 3.12 gives |D|1 + (d−(a) + d+(a))(1 +
(2n− 4)+ · · · + (2n− 4)n−2)< 3n((2n− 4)n−1 − 1)/(2n− 5). 
Considering Theorems 1.5 and 3.13, one can scarcely refrain from conjecturing that
there is an analogue to Theorem 1.9 for digraphs.
Conjecture 3.14. For all n, k ∈ N, there is an integer h(n, k)) so that every ﬁnite, n-
connected digraph D with |D|h(n, k) contains a W ⊆ V (D) with |W | = k such that
(D −W)n− 2 holds.
Theorem 3.13 is equivalent to the case k = 3 of this conjecture. Conjecture 3.14 is
not proved for any pair (n, k) with n3 and k4. If one tries to render the proof of
Theorem 1.9, mainly two difﬁculties arise: the atoms of digraphs have not a similarly nice
property as that described in Proposition 1.7, and we do not know enough on vertices of
“small degree” in “almost fragments” of a minimally n-connected digraph.
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